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0. INTRODUCTION 
Let X be a rank one symmetric space of dimension n and let A, be its Laplace- 
Beltrami operator. It is well known [l] that the spectrum of A, consists of the 
points 
A, = aK2 + PK, K = 0, I , 2 ,..., (O*l) 
where OL and ,8 are appropriate constants. Each of the eigenvalues (0.1) occurs 
with high multiplicity. Indeed if NK is the multiplicity of A, then 
NK - Const K”-‘. (0.2) 
The numbers a and p occurring in (0.1) are easily computable from the geometry 
of X. In fact 
01 = (277/T)* and j3 = (2rr/T)*o, (0.3) 
where T is the period of a typical closed geodesic on X and u is the number of 
conjugate points along the closed geodesic counted with multiplicity. (See [2].) 
Because of (0.1) it is natural to consider instead of the standard Laplace-Beltrami 
operator on X the operator 
PO = Ao/” + pa/4LXs. 
P,, is positive, and the spectrum of Pi” consists of the points 
pK = K + a/2. 
(0.4) 
Therefore, in particular, 
exp(- 1)1’2 2~rP,1’~ = (- 1)” Identity. CR) 
Consider now the operator 
P = PO + q Identity, 
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where q E P(X). Using elementary min-max arguments it is easy to see that the 
spectrum of P consists of clusters of eigenvalues 
with 
sup &P))1’2 - (K + u/2)1 = 0(1/K) 2 (0.6)~ 
for K large. The purpose of this paper is to obtain two “clustering” results which 
strengthen (0.6). Unfortunately these results are not valid for the simplest of the 
rank one symmetric spaces, the standard n-sphere. From now on we will have to 
assume that X is not the standard n-sphere. Also for the second result we will 
have to assume that q is real-analytic. 
THEOREM 1. If the 0( l/K) in (0.6), can be improved to a o( 1 /K), then q = 0. 
THEOREM 2. Suppose there exists a constant p > 0 such that for all K,, , some 
interval (OA), with K > K, contains an eigenvalue of multiplicity >pKn-l. Then 
q = Const. 
In other words if q is nontrivial, then the spectrum of P cannot be too clustered 
nor can eigenvalues occur with too high a multiplicity.] 
The proofs of these two theorems involve examining properties of the operator 
R = (-1)” exp(-l)l12 2~rPl’~. 
We call this operator the return operator. In Section 1 we prove 
(0.7) 
THEOREM 3. R is of the form: Identity + W, where W is a pseudod#erential 
operator of order --I. Moreover 
(0.8) 
y(x, 6) is the geodesic of length 2a through (x, 0. 
The proofs of Theorems 1 and 2 follow easily from this result plus some 
results on “clustering” in [2]. 
Theorem 3 is a special case of a more general result which is of some interest 
in its own right. Let X be an arbitrary compact Riemannian manifold, let 
P, = d + q,, , and let P = P,, + q, where q and q,, are in Cm(X). Let U,,(t) = 
exp(-l)l12 tP, and u(t) = exp(- 1)lj2 tP1j2. Then 
R(t) = U(t) U,,(-t) = I + W(t), WY 
1 This is rather unfortunate, since it eliminates two potentially interesting generaliza- 
tions to higher dimensions of the “finite band” potential of Hill’s equation. 
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where IV(t) is a pseudodifferential operator of order -1 with symbol 
Gv)> = 
1 * 
2(-1Y2 I E I J 
q dx. 
?J(z.e.t) 
(0.10) 
Here y(x, [, t) is the geodesic arc of length t passing through (x, 5). Using 
arguments similar to those of [2] we are able to prove: 
THEOREM 4. Suppose there are only a jinite number of closed geodesics of 
period T: y, ,..., y, . Moreover, suppose each of these geodesics is nondegenerate 
in the sense of Morse theory. Then trace U(t) - U,,(t) is a generalized function 
of t with an isolated singularity at t = T, and admits an asymptotic expansion in 
fractional powers of t - T + 0( - l)lla with leading coefficient 
N 1 Ti# 1 e(-1)1'2uid2 c 1 
i=l 1 I - Pi 11’2 
2(-1)1/Z $7(s) ds. s (0.11) 
Pi is the PoincarC map about yi , Ti# the period of the primitive geodesic of which yc 
is the iterate, and (TV the Maslov index of yi . 
Remark. Compare with [2, Theorem 4.51. 
If  all the geodesics are nondegenerate, we can determine all the integrals 
sY q from the spectra of P and P,, . This ought to reduce considerably the number 
of q’s for which P and P, have the same spectrum, 
1. THE RETURN OPERATOR 
Let X be a compact manifold and let PD(X, D) be a self-adjoint second-order 
differential operator on X with positive leading symbol 
Let {TV} be an orthonormal basis of eigenfunctions of P, and let (Ai} be the 
associated eigenvalues. We define Pi/’ by the formula 
p112 o rp’i = pIpi , xi > 0, 
= 0, Xi < 0. 
Then (Pi’“)z differs from P,, by an operator of finite rank. Let q be a smooth 
real-valued function on X, and let P = P, + qI. By the theorem of Seeley [6], 
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PiI2 and P112 are positive self-adjoint pseudodifferential operators of order one. 
Let H, be the Hamiltonian vector field on T*X\O associated with u. Then 
U(t) = exp(- 1)14P1/2 
and 
Uo(t) = exp( - l)l”tP,1’* 
are Fourier integral operators with underlying canonical transformation exp tH, . 
(See [3].) Let us set 
R(t) = U(t) U&)-l. (1.2) 
This is a Fourier integral operator of order zero with the identity as its underlying 
canonical transformation, so it is a pseudodifferential operator of order zero. 
The leading symbols of U(t) and U,,(t) are the same, so R(t) has the same leading 
symbol as the identity operator. Thus 
R(t) = I+ W), 
where W(t) is of order minus one. To compute the symbol of W(t) we differentiate 
(1.2), getting 
(l/(- 1)1’2) J@(t) = Pi’“, Wt>l + Q + QW), (1.3) 
where Q = P112 - Pi/2. It is clear from (1.3) that Q is of order minus one. To 
compute its symbol we note that 
(Pl” + P;‘“)Q = P - PO + [Pi’“, P”‘] 
= P - P,, + [Pi’“, Q]. 
The term in brackets is of order minus one. Therefore, since the symbols of 
P1l2 and PiI are both U, we get 
u(Q) = d4/W% 0 
Now let w(x, 5, t) be the leading symbol of W(t). At t = 0, W(X, 5, t) 
from (1.3) we get 
(I/(-l)l/“) G(t) = (1/(-1)1/2) How + q/2u. 
Integrating this equation we obtain 
ZZz 
(1.4) 
0, and 
(1.5) 
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where (x(s), t( )) ’ h b’ h s is t e tc aracteristic strip with initial point (x(O), t(O)) = (x, 5). 
(Note that since u is constant along the bicharacteristic strip we can take it out 
from under the integral sign.) 
Now let X be a rank one symmetric space and let P, be the operator (0.4). 
The bicharacteristic flow associated with u(P,,) is periodic of period 2~, and 
exp(--l)1/22nP~/2 = Us(27r) = (--1p11; so by (1.2) 
U(2n) - (-1)“1= (-l)“W(27r). 
Setting R = (-lpU(27r) and W = IV(2rr), we get the formulas 
R=I+W (1.7) 
and 
u(W) = 
1 
2(-1Y2 I f I I V(Z.P) 4 
(14 
y(x, 5) being the closed geodesic of length 2~ through (x, E). Here we have used 
the fact that a(x, 0 = / 5 I. From these formulas we get Theorem 3. 
2. THE PROOF OF THEOREM 1 
We need the following two lemmas. 
LEMMA 1. Let X be a compact manifold and let P: L2(X) + L2(X) be a 
pseudodz@sntial operator of order zero. If  P is compact then U(P) E 0. 
Proof. Suppose u(P)(q) &) # 0. P remultiplying by a pseudodifferential 
operator of order zero, we can arrange that u(P) = 1 on a neighborhood of 
(x0 , &). Let U be a small neighborhood of x0 with 
ug LP 
and let 4 be a real-valued function such that u(P) = 1 on the set 
{(x, 44, x 5 W. 
(*) 
We can always arrange that z+G go into the coordinate function X, under the map 
(*). Let x’ = (x2 ,..., x,), letf’, ,f’2 ,... be a sequence of orthonormal functions 
functions on Rn-l with support in the ball / x’ 1 < 1, and let g be a compactly 
supported function of X, with L2 norm equal to one. Set&(x) = eiTKZlg(x,)f’,(x’), 
where 7K is a constant to be determined. Thef,‘s are a sequence of orthonormal 
functions on lRn, and 
Pfrc ==fK + w/4* (2.1) 
If we choose the T~‘S to go to infinity with sufficient rapidity then (2.1) contradicts 
the compactness of P. Q.E.D. 
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LEMMA 2. Let X be a compact rank one symmetric space and let 2 be the space 
of primitive closed geodesics on X. Let R: Cm(X) + Cm(z) be the generalized 
Radon transform 
Rfb) = j-f(s) ds. Y 
Then, for all rank ow symmetric spaces except the n-sphere, R is injective. For the 
n-sphere the kernel of R consists of the odd functions. 
See [4] or [5]. 
We now prove Theorem 1. Let A, (K) be the ith eigenvalue of P on the interval 
(O& . By assumption, 
py2 - (K + u/2) = 0(1/K). 
By formula (1.7) the eigenvalues of W are 
pjK) = (- l>” exp 24 - 1)1’2(@))1’2 - 1; (2.2) 
so by the above estimate, (2.2) is of order 0(1/K); moreover, if (0.6), can be 
improved to o( l/K), th e same is true of (2.2). Hence the eigenvalues, (hiK))112@, 
of P1l2 W tend to zero as K tends to infinity. This implies that P1l2 W is a compact 
linear map of P’(X) into L2(X). On the other hand by (1.8), P1j2W is a pseudo- 
differential operator of order zero with leading symbol 
1 
2(-1)1'2 &Q) q ds. s 
Therefore, by Lemma 1, s,, q ds = 0 for all geodesics y; hence by Lemma 2, 
q = 0 except when X = 9, in which case q is odd. This concludes the proof of 
Theorem 1. 
3. THE PROOF OF THEOREM 2 
The notation is the same as in the preceding section except that we now as- 
sume that q is real-analytic. Consider the operator 
a(P)1/2 + b(P-1 + WWt)-112, (3.l)asl 
where a and b are fixed positive numbers. This operator has leading symbol 
a I 6 I + bu(x, E), where 
44 0 = (1 + (I, ~) q)2/4)-1’2 I I I (3.2) 
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by Theorem 3. Note that since u is constant on the integral curves of HI,/ , the 
Poisson bracket 
is zero. 
The eigenvalues (0.6), correspond to eigenvalues of IV which are of magnitude 
0(1/K) by (2.2). Therefore, the eigenvalues of (3.1) corresponding to the eigen- 
values on the interval (0.6), satisfy an inequality 
(l/M)K < A < MK (3.3) 
for an appropriate M > 1. Our hypothesis is: Given K,, there exists a K > Ks 
such that on the interval (0.6), , P1j2 has an eigenvalue of multiplicity >pK+l. 
We will show that this hypothesis implies: The one-parameter group generated 
by the Hamiltonian vector field aHl,l + bH, is periodic for all a, 6 > 0. In fact 
suppose this were not the case. Then, by [2, theorem 3.51, there exists for every 
E > 0, a A, such that for h > A, the number of eigenvalues of (3.1) on the interval 
(A - E, h f 6) is less than 
cGv-1, (3.4) 
where C is a fixed constant independent of E. Now choose E = p/C(M)+l, 
where p is the same p as in Theorem 2 and M is the same as in (3.3). By hypothesis 
there exist some K > K,, = MA,, and an eigenvalue hiK) on the interval (0.6), 
having multiplicity greater than pRn-l. By (3.3) this multiplicity is greater than 
phn-l/(M)n-l or &An-l, where h is the corresponding eigenvalue of (3.1). 
However, since X > K,,/M > A,, this contradicts (3.4) and proves our 
assertion. 
We now show that if the integral curves of @,I + bH, are periodic for all 
a, b > 0 then Ho = fHlrl for some smooth function f on T*X\O. Suppose this 
were not the case. Then there must exist some point (x0 , &,) at which H, and 
HI,I are linearly independent. Since these vector fields commute, they are 
linearly independent at all the points 
exp(aHlt + bHJ(xo I tS0) 
for all a, b E R. Thus if wr and wa are the periods of Hi,1 and Ho and we get 
an immersion 
T2 = R2/{mw,, ml)} + T*X\O. (3.5) 
We have shown that every straight line on T2 maps into a periodic curve in the 
image. This is clearly impossible if (3.5) is an immersion; so this proves our 
assertion. 
We now claim that u is a constant multiple of j +$ /. Indeed if Sz is the symplectic 
2-form on T*X\O, 
607/28/z-4 
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so (T is constant on the surface j 6 1 = 1. Since 0 and / .$ j are homogeneous of 
degree one, 0 is a constant multiple of 1 [ 1 everywhere. Recalling that u is defined 
by Eq. (3.2) we obtain 
and, letting qi = 4 - (Const)/2a, 
for all (x, 0 E T*X\O. In view of Lemma 2 of Section 2, this shows that pi = 0. 
4. THE PROOF OF THEOREM 4 
We can write (0.9) in the form 
U(t) - 7&(t) = W(t) q)(t). (4.1) 
Let ~(x, y, t) and ps(x, y, t) be the Schwartz kernels of U(t) and U,,(t) viewed as 
generalized functions on X x Y x Iw. By [2, Theorem 1.11, they belong to the 
Hormander class I-lj4(X x X x Iw, C), w h ere C is the canonical relation 
In [2], a formula analogous to (0.11) was obtained for trace U(t). With the 
assumptions of Theorem 4, it was shown that trace U(t) is a generalized function 
oft with an isolated singularity at t = T and that near Tit admits an asymptotic 
expansion in fractional powers of (t r T - oi) with leading coefficient 
(4.2) 
We briefly recall how this formula was derived. Let A: X x [w -+ X i< X x Iw 
be the diagonal map: (x, r) -+ (x, x, r); and let 71: X x [w -+ Iw be the projection 
(x, Y) ---f Y. Then tr U(t) = rr,d *p, where TV is the ~(x, y, t) above. In Hormander’s 
theory, the elements of the spaces of generalized functions 1(X, A) have symbols 
which are the tensor products of half-densities with sections of the Maslov 
bundle of A. For p EI-I/~(X x X x R, C) this symbol is easy to compute 
explicitly: It is the solution of the transport equation with initial data one on the 
diagonal. The leading term in the asymptotic expansion of r*A*,u. about t = T 
is given by the symbol of n*A*p at this point and this can be computed by 
simple functorial rules for computing the symbols of pull-backs and push- 
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forwards. (See [2, Sect. 51.) Among other things these functorial rules tell us that 
the symbol of r.+A*p is determined by the values of the symbol of p on the subsets 
of C. This is the only fact about the symbol calculus that is needed in the proof 
of Theorem 4. 
Let ‘u(x, y, t) be the Schwartz kernel of U(t) - U”(t). By (4.1) 
v  EI-yX x x x R, C) 
and its symbol at ((t,7), (x, [), (y, ‘7)) is the product of the symbol of pO at this 
point and the symbol of W(r) at (x, 0. The latter is 
by (0.10). In particular, on the subset Ci of C the symbol of v(x, y, t) is equal to 
the symbol of p,,(x, y, t) times the constant factor 
1 
q-1)1/2 $) ds* 1 
Since trace( U(t) - U,,(t)) = Z-*A*v, its symbol is 
n* A*u(v) = fl ( 2(&2 I, 4) n* A *dcL) j ci 
by the remark above. Combining (4.3) with (4.2) we get Theorem 4. 
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